Abstract. Let Γ be a torsionless commutative cancellative monoid, R = α∈Γ Rα be a Γ-graded integral domain, and H be the set of nonzero homogeneous elements of R. In this paper, we show that if Q is a maximal t-ideal of R with Q ∩ H = ∅, then R Q is a valuation domain. We then use this result to give simple proofs of the facts that (i) R is a UMT-domain if and only if R Q is a quasi-Prüfer domain for each homogeneous maximal t-ideal Q of R and (ii) R is a PvMD if and only if every nonzero finitely generated homogeneous ideal of R is t-invertible, if and only if R Q is a valuation domain for all homogeneous maximal t-ideals Q of R. 
Introduction
Let Γ be a torsionless commutative cancellative monoid, R = α∈Γ R α be a Γ-graded integral domain, and H be the set of nonzero homogeneous elements of R. In [8] , the first-named author generalized the notion of UMT-domains to graded integral domains R such that R H is a UFD as follows: (i) A nonzero prime ideal Q of R is an upper to zero in R if Q = f R H ∩ R for some f ∈ R and (ii) R is a graded UMT-domain if every upper to zero in R is a maximal t-ideal of R. (Necessary definitions and notations will be reviewed in Sections 1.1 and 1.2.) Among other things, he showed that if R has a unit of nonzero degree, then R is a graded UMTdomain if and only if R is a UMT-domain. In [20] , the second-named author with Hamdi also studied graded integral domains which are also UMT-domains (in a more general setting of semistar operations). In particular, they proved that R is a UMT-domain if and only if R Q is a quasi-Prüfer domain (i.e., a UMT-domain whose maximal ideals are t-ideals) for all homogeneous maximal t-ideals Q of R, if and only if Q = (Q ∩ R) [X] for all prime ideals Q of the polynomial ring R[X] with Q ⊆ P [X] for some homogeneous prime t-ideal P of R. This paper is a continuation of our study of graded integral domains which are UMT-domains.
More precisely, in Section 2, we show that if Q is a maximal t-ideal of R with Q ∩ H = ∅, then R Q is a valuation domain. Then, among other things, we use this result to give simple proofs of the facts that (i) R is a UMT-domain if and only if R Q is a quasi-Prüfer domain for each homogeneous maximal t-ideal Q of R and (ii) R is a PvMD if and only if every nonzero finitely generated homogeneous ideal of R is t-invertible, if and only if R Q is a valuation domain for all homogeneous maximal t-ideals Q of R. Let D[Γ] be the monoid domain of Γ over an integral domain D. In Section 3, we prove that D[Γ] is a UMT-domain if and only if D is a UMT-domain and the integral closure of Γ S is a valuation monoid for all maximal t-ideals S of Γ. Hence, we recover that D[Γ] is a PvMD if and only if D is a PvMD and Γ is a PvMS [1, Proposition 6.5].
1.1. The t-operation and UMT-domains. Let D be an integral domain with quotient field K and F (D) be the set of nonzero fractional ideals of D. An overring of D means a subring of K containing D. Let T be an overring of D and P be a prime ideal of D. Then D \ P is a multiplicative set of both D and T , and throughout this paper, we denote T P = T D\P as in the case of D P = D D\P .
For A ∈ F (D), let A −1 = {x ∈ K | xA ⊆ D}. Then A −1 ∈ F (D), and so we can define A v = (A −1 ) −1 . The t-operation is defined by A t = {I v | I ⊆ A is a nonzero finitely generated ideal of D} and the w-operation is defined by A w = {x ∈ K | xJ ⊆ A for some nonzero finitely generated ideal J of D with
is a maximal t-ideal (resp., maximal w-ideal) if it is maximal among proper integral t-ideals (resp., w-ideals). Let t-Max(D) be the set of maximal t-ideals of D. It is well known that t-Max(D) = ∅ when D is not a field and t-Max(D) = w-Max(D), the set of maximal w-ideals of D. Also, if * = t, w, then each maximal * -ideal is a prime ideal; each proper * -ideal is contained in a maximal * -ideal; and each prime ideal minimal over a * -ideal is a * -ideal. An I ∈ F (D) is said to be t-invertible if (II −1 ) t = D. We say that D is a Prüfer v-multiplication domain (PvMD) if each nonzero finitely generated ideal of D is t-invertible. Let M be a commutative cancellative monoid. Then, as in the integral domain case, we can define the t-operation on M , the t-invertiblilty of ideals of M , and Prüfer v-multiplication semigroup (PvMS). The reader can refer to [17, Sections 32 and 34] and [19, Part B] for more on the t-operations on integral domains and monoids, respectively.
1.2. Graded integral domains. Let Γ be a (nonzero) torsionless commutative cancellative monoid (written additively) and Γ = {a−b | a, b ∈ Γ} be the quotient group of Γ; so Γ is a torsionfree abelian group. It is well known that a cancellative monoid Γ is torsionless if and only if Γ can be given a total order compatible with the monoid operation [26, page 123] . By a (Γ-)graded integral domain R = α∈Γ R α , we mean an integral domain graded by Γ. That is, each nonzero x ∈ R α has degree α, i.e., deg(x) = α, and deg(0) = 0. Thus, each nonzero f ∈ R can be written uniquely as f = x α1 + · · · + x αn with deg(x αi ) = α i and α 1 < · · · < α n . A nonzero x ∈ R α for every α ∈ Γ is said to be homogeneous.
Let H = α∈Γ (R α \ {0}); so H is the saturated multiplicative set of nonzero homogeneous elements of R. Then R H , called the homogeneous quotient field of R, is a Γ -graded integral domain whose nonzero homogeneous elements are units. We say that an overring T of R is a homogeneous overring of For a fractional ideal A of R with A ⊆ R H , let A * be the fractional ideal of R generated by homogeneous elements in A; so A * ⊆ A. The fractional ideal A is said to be homogeneous if A * = A. A homogeneous ideal (resp., homogeneous t-ideal) of R is called a homogeneous maximal ideal (resp., homogeneous maximal t-ideal) if it is maximal among proper homogeneous ideals (resp., homogeneous t-ideals) of R. It is easy to see that a homogeneous maximal ideal need not be a maximal ideal, while a homogeneous maximal t-ideal is a maximal t-ideal [3, Lemma 1.2]. Also, it is easy to see that each proper homogeneous ideal (resp., homogeneous t-ideal) of R is contained in a homogeneous maximal ideal (resp., homogeneous maximal t-ideal) of R. A maximal t-ideal Q of R is homogeneous if and only if
For f ∈ R H , let C(f ) denote the fractional ideal of R generated by the homogeneous components of f . For a fractional ideal A of R with A ⊆ R H , let C(A) = f ∈A C(f ). It is clear that both C(f ) and C(A) are homogeneous fractional ideals of R.
) for some integer n ≥ 1 [26] ; so N (H) is a saturated multiplicative subset of R. As in [4] , we say that R satisfies property (#) if C(I) t = R implies I ∩ N (H) = ∅ for all nonzero ideals I of R; 
Graded integral domains and UMT-domains
Let Γ be a (nonzero) torsionless commutative cancellative monoid, R = α∈Γ R α be an integral domain graded by Γ,R be the integral closure of R, H be the set of nonzero homogeneous elements of R, and N (H) = {f ∈ R | C(f ) v = R}. Since R is an integral domain, we may assume that R α = {0} for all α ∈ Γ. Lemma 1. ([2, Proposition 2.1]) Let R = α∈Γ R α be a graded integral domain and H be the set of nonzero homogeneous elements of R. Then R H is a completely integrally closed GCD-domain.
We next give the main result of this section. For the proof of this result, we recall the following well-known theorem: Let S be a multiplicative set of an integral
Theorem 2. Let R = α∈Γ R α be a graded integral domain, H be the set of nonzero homogeneous elements of R, and Q be a prime t-ideal of R with C(Q) t = R (e.g., Q is a maximal t-ideal of R such that Q ∩ H = ∅).
(
be the Laurent polynomial ring over R and N (T ) = {aX n | a ∈ H and n ∈ Z}. Clearly, T is a (Γ ⊕ Z)-graded integral domain with deg(aX n ) = (α, n) for 0 = a ∈ R α and n ∈ Z, and N (T ) is the saturated multiplicative set of nonzero homogeneous elements of T . Also, QT is a prime
Note that T has a unit of nonzero degree and
] for the last equality), and so (IT )
Proof. By Theorem 2, QR H is a prime t-ideal of R H , and since R H is a UFD, R Q = (R H ) QRH is a rank-one DVR. 
α }] is a UFD, where K is the quotient field of D. Also, Q∩D = (0) implies that either Q ∩ H = ∅ or X α ∈ Q for some α. If X α ∈ Q, then Q = X α R because X α is a prime element, and thus R Q is a rank-one DVR. Next, if Q∩H = ∅, then R Q is a rank-one DVR by Corollary 3.
Let T be an overring of an integral domain D. As in [13] , we say that T is t-linked over D if (IT ) v = T for each nonzero finitely generated ideal I of D with
Lemma 5. Let T be a homogeneous overring of R = α∈Γ R α . Then T is t-linked over R if and only if I v = R implies (IT ) v = T for all nonzero finitely generated homogeneous ideals I of R.
(⇐) Let A be a nonzero finitely generated ideal of R with A v = R. It suffices to show that AT Q for all maximal t-ideals Q of T . Let H be the set of nonzero homogenous elements of R and let
Clearly, C(A) is finitely generated and C(A) v = R. Hence, (C(A)T ) v = T by assumption, and thus C(A)T Q. Again, since Q is homogeneous, AT Q.
Let D be an integral domain with quotient field K. It is well known that x ∈ K is integral over D if and only if xI ⊆ I for some nonzero finitely generated ideal I of D. As the w-operation analog, we say that x ∈ K is w-integral over D if and only if xI w ⊆ I w for some nonzero finitely generated ideal Theorem 6. Let R = α∈Γ R α be a graded integral domain,R be the integral closure of R, and Ω = {Q ∈ t-Max(R) | Q ∩ H = ∅}.
Proof.
(1) If Q ∈ Ω, thenR H\Q ⊆R Q andR H\Q is t-linked over R. (For if I is a nonzero finitely generated homogeneous ideal of R with I v = R, then I Q, and hence I ∩ (H \ Q) = ∅; so IR H\Q = R H\Q . Hence, (IR H\Q ) v = IR H\Q =R H\Q .) Hence, {R H\Q | Q ∈ Ω} is t-linked over R [13, Proposition 2.2], and thus
where the first equality is from [11, Theorem 1.3] ; the second containment follows from the fact that if Q is a maximal t-ideal of R with Q ∩ H = ∅, then H ⊆ R \ Q, and hence R H ⊆ R Q ⊆R Q ; the third containment follows from the fact thatR is a homogeneous overring of R; and the fourth containment is from [11, Corollary 1.4] because {R H\Q | Q ∈ Ω} is an integrally closed t-linked overring of R. Thus, the equalities hold.
(2) Clearly,R ⊆ R [w] . Thus, the result is an immediate consequence of (1). (3) Let Q ∈ Ω. ThenR H\Q is a homogeneous t-linked overring of R (see the proof of (1)). Thus, R
[w] is a homogeneous t-linked overring of R by (1) and [13, Proposition 2.2].
(4) Clearly,R N (H) ⊆R Q for all Q ∈ Ω, and hence
by (1). For the reverse containment, let A be a nonzero finitely generated ideal of R with A v = R. Then A Q for all Q ∈ Ω, and thus Corollary 7. The following statements are equivalent for R = α∈Γ R α .
(1) R is a UMT-domain.
(2) R Q is quasi-Prüfer for all homogeneous maximal t-ideals Q of R.
(3) R Q is a Prüfer domain for all homogeneous maximal t-ideals Q of R. (4) R Q is a Bézout domain for all homogeneous maximal t-ideals Q of R.
(5) R H\Q is a UMT-domain and Q H\Q is a t-ideal for all homogeneous maximal t-ideals Q of R. (6) R H\Q is a graded-Prüfer domain for all homogeneous maximal t-ideals Q of R.
(7) R
[w] is a PvMD, and (Q ∩ R) t R implies Q t R [w] for all nonzero prime ideals Q of R [w] with Q ∩ R homogeneous.
(2) ⇒ (1) Let Q be a maximal t-ideal of R. If Q∩H = ∅, then Q is homogeneous, and hence R Q is quasi-Prüfer by assumption. Next, if Q ∩ H = ∅, then R Q is a valuation domain by Theorem 2. Thus, R is a UMT-domain. (1) ⇒ (7) [11, Theorem 2.6]. (7) ⇒ (1) Let Q be a nonzero prime ideal of R [w] such that (Q ∩ R) t R. If C(Q ∩ R) t R, then there is a homogeneous maximal t-ideal P of R such that Q ∩ R ⊆ C(Q ∩ R) t ⊆ P . Then there is a prime ideal M of R [w] such that Q ⊆ M and M ∩ R = P [11, Corollary 1.4(3)]; so by assumption,
valuation domain, and thus (R
There is a maximal t-ideal P of R such that Q ∩ R ⊆ P . Note that (R [w] ) Q is an overring of R P and C(P ) t = R. Since R P is a valuation domain by Theorem 2, (R [w] ) Q is a valuation domain, and thus Q is a t-ideal. Thus, R is a UMT-domain [11, Theorem 2.6].
Corollary 8. Let R = α∈Γ R α be a graded integral domain with property (#). Then the following statements are equivalent.
Proof. This is an immediate consequence of (1) R is a PvMD.
(2) R Q is a valuation domain for all homogeneous maximal t-ideals Q of R.
(3) R is integrally closed and I t = I w for all nonzero homogeneous ideals I of R. (4) Every homogeneous t-linked overring of R is integrally closed. (5) R H\Q is a graded-valuation domain for all homogeneous maximal t-ideals Q of R. (6) R N (H) is a PvMD. (7) Every nonzero finitely generated homogeneous ideal of R is t-invertible.
(2) ⇒ (1) Note that if Q is a maximal t-ideal of R, then either Q ∩ H = ∅ or Q is homogeneous; so it suffices to show that if Q is a maximal t-ideal of R with Q ∩ H = ∅, then R Q is a valuation domain by assumption. Thus, the result follows directly from Theorem 2.
(1) ⇒ ( , b) 2 ) w T by assumption (see [1, Theorem 3.5(2) ] for the fourth equality), and Lemma 4] . Hence, R is a PvMD. 
(1) ⇒ (7) Clear. (7) ⇒ (1) Let I be a nonzero finitely generated ideal of R. It suffices to show that I is t-locally principal [24, Proposition 2.6]. Let Q be a maximal t-ideal of R. If Q ∩ H = ∅, then R Q is a valuation domain by Theorem 2, and since I is finitely generated, IR Q is principal. Next, assume that Q ∩ H = ∅; so Q is homogeneous [3, Lemma 1.2]. Let A = f ∈I C(f ). Then, since I is finitely generated, A is a finitely generated homogeneous ideal of R, and so A is t-invertible by assumption. Hence, AR Q = x α R Q for a homogeneous component x α of some f ∈ I [17, Proposition 7.4] . Note that f ∈ I ⊆ IR Q ⊆ AR Q = x α R Q , and thus
for some integer n ≥ 1, and hence The next result is a graded integral domain analog of [15, Corollary 1.6] that if P ⊆ Q are nonzero prime ideals of a UMT-domain such that Q is a t-ideal, then P is a t-ideal.
Proposition 11. Let R = α∈Γ R α be a UMT-domain. If Q is a nonzero prime ideal of R such that C(Q) t R, then Q is a homogeneous prime t-ideal.
by Lemma 10. Therefore, Q = P is homogeneous.
Corollary 12. Let R = α∈Γ R α be a graded integral domain with property (#). If R is a UMT-domain, then every prime ideal of R N (H) is extended from a homogeneous t-ideal of R.
Proof. Let Q ′ be a nonzero prime ideal of R N (H) . Then Q ′ = QR N (H) for some prime ideal Q of R. Note that Q ⊆ M for some homogeneous maximal t-ideal M of R because R satisfies property (#). Thus, Q is a homogeneous prime t-ideal by Proposition 11.
Corollary 13. Let R = α∈Γ R α be a UMT-domain, H be the set of nonzero homogeneous elements of R, and Q be a prime t-ideal of R with Q ∩ H = ∅. Then R Q is a valuation domain.
Proof. Without restriction let Q = (0). If C(Q) t R, then Q is homogeneous by Proposition 11, and hence Q ∩ H = ∅, a contradiction. Thus, C(Q) t = R, and hence R Q is a valuation domain by Theorem 2. As in [27] , we say that R = α∈Γ R α is a graded strong Mori domain (graded SM domain) if R satisfies the ascending chain condition on homogeneous w-ideals. Clearly, R is a graded SM domain if and only if every homogeneous w-ideal A of R has finite type, i.e., A = I w for some finitely generated ideal I of R. It is known that a graded SM domain satisfies property (#) (see the proof of [4, Theorem 2.7] 
(1) ⇒ (2) Let Q be a homogeneous maximal t-ideal of R. Let P be a nonzero prime ideal of R such that P ⊆ Q. Then P is a homogeneous prime t-ideal by Proposition 11, and hence P = J w for some nonzero finitely generated ideal J of R. If x ∈ P , then xI ⊆ J for some nonzero finitely generated ideal I of R with I t = R, and thus x ∈ xR Q = xI Q ⊆ J Q because I Q. Therefore, P Q = J Q is finitely generated. Thus, every prime ideal of R Q is finitely generated, and hence R Q is Noetherian. Also, since R Q is a quasi-Prüfer domain, R Q is one-dimensional [22, Theorem 3.7] . Note that Max(R N (H) ) = {Q N (H) | Q is a homogeneous maximal t-ideal of R} and (R N (H) ) Q N (H) = R Q for all homogeneous maximal t-ideals Q of R. Thus, R N (H) is one-dimensional. (1) ⇒ (4) Let P be a maximal t-ideal of D. 
. Let I be a nonzero finitely generated ideal of D P . Then
where the first equality holds because
is a Prüfer domain, the second one holds by [24, Lemma 3.4] , and the third one holds by [14, Lemma 2.3] . Hence,
. Let c A (h) be the ideal of an integral domain A generated by the coefficients of h ∈ A[ Γ ]. Note that c DP (f ) = D P , and so c DP (f ) = D P . Hence, 
, where E f (resp., E g ) is the ideal of Γ S (resp.,Γ S ) generated by the exponents of f (resp., g). Thus, JJ −1 = Γ S , which means that J is invertible. Hence, J = α + Γ S or J = β + Γ S . Thus, Γ S is a valuation monoid. We say that Γ is a Prüfer v-multiplication semigroup (PvMS) if every finitely generated ideal of Γ is t-invertible; equivalently, Γ S is a valuation monoid for all maximal t-ideals S of Γ [19 
